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Abstract 
In this work, a micromechanical model is proposed in order to predict the yield stress of polymer-based nanocomposites filled 
with spherical nanoparticles. The adopted approach integrates an inhomogeneous interphase around the nanoparticles. A 
characteristic length scale corresponding to the thickness of the interphase allows accounting for the particle size effects. The key 
role of particle size and features of inhomogeneous interphase on the overall initial yield surface of nanocomposites is 
theoretically studied. 
© 2009 Elsevier B.V. All rights reserved 
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1. Introduction 
Over the past twenty years, considerable attention has been focused on polymer-based nanocomposites. It was 
reported that their mechanical properties are significantly enhanced even at very low particle volume fraction [1-3]. 
This is generally associated with the increase of the interfacial area due to the small dimension of nanoparticles, as 
compared with the microcomposite situation. It is also considered that an interphase, exhibiting distinct properties 
from those of the bulk matrix, is generally formed around nanoparticles. Moreover, high resolution solid-state NMR 
experiments achieved by Berriot et al. [4-5], in the case of rubber-based nanocomposites filled with silica particles, 
provide insights into the existence of molecular mobility gradients in the matrix. From the modelling point of view, 
establishing structure-property relationships for polymer-based nanocomposites integrating all aforementioned key 
points have yet to be developed for a reliable design of such materials.  
In this work, a model based on an Eshelby-type micromechanical formulation is proposed to capture the particle 
size effect on the overall behaviour of polymer-based nanocomposites filled with spherical nanoparticles. An 
inhomogeneous interphase is introduced as a third phase around the nanoparticles in the modelling. It presents a 
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graded modulus, ranging from that of the nanoparticle to that of the polymer matrix. The influence of particle size 
and interphase features on the overall initial yield surface of nanocomposites is theoretically investigated. 
2. Model 
Whereas several micromechanical models for the overall elastic moduli prediction of polymer-based 
nanocomposites were recently presented [6-8], no micromechanical model was proposed to predict their yield 
behaviour. In this paper, the overall elastic stiffness tensor and the overall yield function of polymer-particulate 
nanocomposites are obtained. 
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Fig. 1. Stiffness evolution as a function of the distance to particle center (rp = 5 nm, e = 5 nm, Ep = 88.7 GPa, EM = 3 GPa). 
The governing equations for linear elastic composites are given by [9]: 
 ( )0 *: : φ Σ= = −e eσ C ε C ε ε  (1) 
 ( )*0 0: : :φ φΣ Σ Σ= + = +eε ε S ε I S T ε  (2) 
 
*
0:
Σ
=ε T ε  (3) 
where φ Σ  is the volume fraction of inclusions in the nanocomposite, S  is the Eshelby tensor, 0ε  is the far-field 
strain and *ε  is the eigenstrain tensor for the entire inclusion medium Σ  in terms of the tensor ΣT  [10].  
The overall elastic stiffness tensor of nanocomposites is explicitly expressed as: 
 ( )( )10 . . .φ φ −Σ Σ Σ Σ= − +C C I T S T I  (4) 
In order to model the inhomogeneous character of the interphase, it is divided into N  layers. In this case, the tensor 
ΣT  takes the following form [11]: 
( )( ) ( )( )1 11 1/ 0 0 / 0 0
1
. .φ φ
− −
− −Σ Σ Σ
=
= − + − − + −∑NP P I Ii i
i
T S C C C S C C C  (5) 
in which 0C , PC  and IC  are the elastic stiffness tensors of the polymer matrix, the particles and the layer i  in the 
interphase, respectively. /φ ΣP  and /φ ΣIi  are the volume fractions of particle and interphase layer i  inside the entire 
inclusion medium Σ . Since we assume isotropic elasticity, the components of the elastic stiffness tensor IiC  are 
determined using the Young’s modulus ( )I iE  and the Poisson’s ratio ( )ν I i . The value of the Poisson’s ratio ( )ν I i  is 
interphase I 
particle P 
entire inclusion Σ 
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taken equal to that of the bulk matrix whereas the Young’s modulus at any layer i  of interphase is given by the 
following formula: 
 ( )
β
ΣΣ Σ⎛ ⎞−⎛ ⎞
= + −⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠
i
I M P Mi
i P
r rr r
E E E E
r e r
 (6) 
where Pr  is the particle radius, Σr  is the entire inclusion radius, ir  is a variable in the range of Σ≤ ≤P ir r r , e  is the 
interphase thickness and, PE  and ME  are the elastic moduli of the particle and matrix respectively. The exponent 
β  is used to introduce the influence of interfacial characteristics. A strong bonding between the two phases is 
associated with low values of β  whereas a weak bonding corresponds to high values of β  (see Fig. 1). The size 
effect is introduced in the micromechanical model with the following equation: ( )( )3/ / 1 1φ φΣ Σ= + −I P Pe r . 
The overall yield function of nanocomposites, derived according to the ensemble-volume averaging procedure 
developed by Ju and Sun [12], is given by: 
 ( ) ( )31 : . . : 02φ σΣ= − − ≤yF Tσ P B P σ  (7) 
where σ y  is the initial yield stress of the matrix material and, P  and B  are fourth-order tensors. Details about the 
explicit formulation of P  and B  components are given in [11]. 
3. Results and discussion 
The response of nanocomposites under axisymmetric loading condition is examined, i.e. 11 0σ > , 22 33 0σ σ= >  
and ( ) 0σ ≠ =ij i j . The input data required by the model, which are, unless otherwise stated, used in the simulations, 
are listed in Table 1. The overall initial yield surfaces are depicted in Fig. 2 in terms of the normalized overall 
effective and hydrostatic stresses. Figs. 2a and 2b present the influence of particle size for a hard and soft interphase, 
respectively.  
Table 1. Data used in the simulations. 
ME  (GPa) PE  (GPa) ν M  ν P  N  φ P  (%) e  (nm) 
3 88.7 0.4 0.23 50 5 5 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 2. Effect of particle size on the overall initial yield surface of nanocomposites with (a) a hard interphase (β = 0.1) and (b) a soft interphase 
(β = 10). For the sake of comparison, a homogeneous interphase (EI = 78.3 GPa and EI = 12.3 GPa) is considered in bold. 
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An important remark is the dependence of the overall initial yield surface vis-à-vis the stress triaxiality although 
the matrix is assumed to be hydrostatic stress independent. It is also shown that the effective yield stress increases 
when decreasing particle size, whereas the hydrostatic yield stress decreases. It is also interesting to illustrate these 
features with experimental data. Fig. 3 presents the model simulations and experimental data [13-14] for the overall 
tensile yield stress of polyethylene and nylon-6 nanocomposites containing silica nanoparticles with various sizes. 
The key role of the interphase on composite yield stress is clearly pointed out. For smallest particle size, the 
interphase stiffness is found to be relatively strong. Increasing the particle size leads to a softening of the interphase 
whose stiffness is weaker than that of the matrix. This suggests that a debonding process is favored in this case. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 3. Comparison between model simulations and experimental data of (a) polyethylene/silica [13] and (b) nylon-6/silica [14] nanocomposites. 
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